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Abstract
In [ABD], Abe, Buhl, and Dong showed that when L is a positive
definite even lattice, the vertex algebra V +L and its irreducible weak
modules satisfy the C2-cofiniteness condition. In this paper, we extend
their results by showing that the vertex algebra V +L and its irreducible
weak modules are C2-cofinite when L is a negative definite even lattice
and when L is a non-degenerate even lattice that is neither negative
definite nor positive definite.
Key Words: Vertex algebra.
1 Introduction
A vertex algebra V is said to be C2 cofinite if the subspace C2(V ) = SpanC{ u−2v | u, v ∈
V } has a finite co-dimension in V . This is often called the C2 condition, and
it was first appeared in [Z] when Zhu used this condition, as well as other
assumptions, to show the modular invariance of certain trace functions. Since
its introduction, the C2-condition has proven to be a power tool in the study
of theory of vertex algebras. In particular, it has played an important role
in the study of structure of modules of vertex algebras which satisfy it (cf.
[Bu, DLM3, GN, KL, M1, M2]).
The vertex algebras V +L are one of the most important classes of vertex
algebras along with those vertex algebras associated with lattices, affine Lie
algebras and Virasoro algebras. They were originally introduced in the Frenkel-
Lepowsky-Meurman construction of the moonshine module vertex algebra (cf.
[FLM]). When L is a positive definite even lattice, the representation the-
ory of the vertex algebra V +L is well understood. In fact, for such case, the
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classification of all irreducible weak V +L -modules, and the study of the com-
plete reducibility property of weak V +L -modules was done by Abe, Dong, Jiang,
and Nagatomo (see [A1, A2, AD, DJ, DN]). Furthermore, the C2-cofiniteness
property of such vertex algebra V +L and its irreducible weak modules had been
shown by Abe, Buhl, Dong and the second author (cf. [ABD, Y1]). It turned
out that this C2-condition was one of the key ingredients for showing the com-
plete reducibility of weak V +L -modules.
When L is a non-degenerate even lattice that is not positive definite, the
classification of weak V +L -modules are not completed yet. For the case when
L is a rank one negative definite even lattice, the classification of irreducible
admissible V +L -modules was done by Jordan in [J]. Later, in [Y2, Y3], the
second author classified all irreducible admissible V +L -modules and showed the
complete reducibility of admissible V +L -modules for the case when L is a neg-
ative definite even lattice of arbitrary rank, and when L is a non-degenerate
even lattice that is neither positive definite nor negative definite. Note that
an admissible module is a weak module that satisfies certain assumptions.
In this paper, we take a further step in understanding the representation
theory of the vertex algebra V +L when L is a non-degenerate even lattice
that is not positive definite by showing that such vertex algebra and its ir-
reducible weak modules satisfy the C2 condition. We hope to use these results
in the study of the complete reducibility of weak V +L -modules when L is a
non-degenerate even lattice that is not positive definite in the future.
This paper is organized as follows. In Section 2, we review definitions of
the vertex algebra, weak modules, and the cofiniteness C2-condition. Also,
we study vertex algebras that satisfy a special condition and the roles of this
condition on weak modules of such vertex algebras. These results will play
important roles in Section 4. In Section 3, we review the construction of the
vertex algebras V +L and their irreducible weak modules. Finally, in Section 4,
we show that the vertex algebra V +L and its irreducible weak modules satisfy
the C2-condition when L is a negative definite even lattice and when L is a non-
degenerate even lattice that is neither positive definite nor negative definite.
This work was done while the first author was visiting Illinois State Uni-
versity (ISU) from April 2008 to March 2009. P. J. thanks ISU Mathematics
Department for their hospitality.
Throughout this paper, Z>0 is the set of positive integers.
2 Vertex algebras and the C2-condition
First we review definitions of vertex algebras, weak modules and the C2-
condition. Next, we show that when V = C2(V ), many types of weak V -
modules and the tensor-product-vertex algebra that contains V as a vertex
sub-algebra satisfy the C2-condition. These will play important roles in Sec-
2
tion 4.
Definition 2.1. [LLi] A vertex algebra V is a vector space equipped with a
linear map Y (·, z) : V → (EndV )[[z, z−1]], v 7→ Y (v, z) =
∑
n∈Z vnz
−n−1 and a
distinguished vector 1 ∈ V which satisfies the following properties: for u, v ∈ V
1. unv = 0 for n >> 0.
2. Y (1, z) = idV .
3. Y (v, z)1 ∈ V [[z]] and limz→0 Y (v, z)1 = v.
4. (the Jacobi identity)
z−10 δ
(
z1 − z2
z0
)
Y (u, z1)Y (v, z2)− z
−1
0 δ
(
z2 − z1
−z0
)
Y (v, z2)Y (u, z1)
= z−12 δ
(
z1 − z0
z2
)
Y (Y (u, z0)v, z2).
We denote the vertex algebra just defined by (V, Y, 1) or, briefly, by V .
Definition 2.2. A Z-graded vertex algebra is a vertex algebra
V = ⊕n∈ZVn; for v ∈ Vn, n = wt v,
equipped with a conformal vector ω ∈ V2 which satisfies the following relations:
• [L(m), L(n)] = (m − n)L(m + n) + 1
12
(m3 − m)δm+n,0cV for m,n ∈ Z,
where cV ∈ C (the central charge) and
Y (ω, z) =
∑
n∈Z
L(n)z−n−2
(
=
∑
m∈Z
ωmz
−m−1
)
;
• L(0)v = nv = (wt v)v for n ∈ Z, and v ∈ Vn;
• Y (L(−1)v, z) = d
dz
Y (v, z).
Definition 2.3. [LLi] A vertex sub-algebra of a vertex algebra V is a vector
sub-space U of V such that 1 ∈ U and such that U is itself a vertex algebra.
Definition 2.4. [LLi] An automorphism of a vertex algebra V is a linear
isomorphism of V such that g(1) = 1, and gY (v, z)u = Y (g(v), z)g(u) for
u, v ∈ V .
Definition 2.5. [DLM2] A weak V -module M is a vector space equipped with
a linear map YM(·, z) : V → (EndM)[[z, z
−1]], v 7→ YM(v, z) =
∑
n∈Z vnz
−n−1
which satisfies the following properties: for v, u ∈ V , and w ∈M
3
1. unw = 0 for n >> 0.
2. Y (1, z) = idM .
3. (the Jacobi identity)
z−10 δ
(
z1 − z2
z0
)
YM(u, z1)YM(v, z2)− z
−1
0 δ
(
z2 − z1
−z0
)
YM(v, z2)YM(u, z1)
= z−12 δ
(
z1 − z0
z2
)
YM(Y (u, z0)v, z2).
Definition 2.6. An irreducible weak V -module is a weak V -module that has
no weak V -submodule except {0} and itself. Here a weak submodule is defined
in the obvious way.
Definition 2.7. A weak V -module is completely reducible if it can be rewritten
as a direct sum of finitely many irreducible weak V -modules.
Proposition 2.8. [LLi] Let W be a weak V -module, and let 〈T 〉 be a weak
V -submodule of W generated by a subset T of W . Then
〈T 〉 = SpanC{ vnw | v ∈ V, n ∈ Z, w ∈ T }.
Corollary 2.9. If W is an irreducible weak V -module then
W = SpanC{ vnw | v ∈ V, n ∈ Z }.
Here, w is a non-zero element in W .
For the rest of this section, we assume that V is a Z-graded vertex
algebra.
Definition 2.10. [Z] We define
C2(V ) = SpanC{ u−2v | u, v ∈ V }.
V is said to satisfy the cofiniteness C2-condition if V/C2(V ) has a finite di-
mension.
Proposition 2.11. [Z]
1. L(−1)u ∈ C2(V ) for u ∈ V .
2. v−nu ∈ C2(V ) for u, v ∈ V and n ≥ 2.
3. C2(V ) is an ideal of V with respect to (−1)
st-product.
4. V/C2(V ) is a commutative associative algebra under (−1)
st-product.
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Definition 2.12. Let M be a weak V -module. We define
C˜2(M) = SpanC{ u−2w | u ∈ V, w ∈ M }.
The space M is called C2-cofinite if M/C˜2(M) has a finite dimension.
The following is the key proposition.
Proposition 2.13. Let W be an irreducible weak V -module. If V = C2(V ),
then W = C˜2(W ).
Proof. We first show that anw ∈ C˜2(W ) for all a ∈ V, w ∈ W and n ∈ Z.
Clearly, this statement is true when n ≤ −2. Since V = C2(V ), one may write
anw as
anw =
l∑
j=1
(uj−2v
j)nw =
l∑
j=1
∑
i≥0
(−1)i
(
−2
i
)(
uj−2−iv
j
n+i − v
j
−2+n−iu
j
i
)
w.
Here uj, vj ∈ V . By using an induction on n, we can show that anw ∈ C˜2(W )
for all a ∈ V, w ∈ W and n ≥ −1.
Next, by using the facts that W is irreducible and anw ∈ C˜2(W ) for all
a ∈ V, w ∈ W , and n ∈ Z, we can conclude immediately thatW = C˜2(W ).
Corollary 2.14. Assume that V = C2(V ). If a weak V -module M is com-
pletely reducible, then M = C˜2(M).
Proposition 2.15. Let V ′ be a Z-graded vertex algebra and let V be a Z-graded
vertex sub-algebra of V ′ such that V = C2(V ). If V
′ is completely reducible as
a weak V -module, then V ′ is C2-cofinite. In particular, V
′ = C2(V
′).
Proof. By Corollary 2.14, we can conclude that V ′ = C˜2(V
′). Since C˜2(V
′) is
a subset of C2(V
′), we then have that V ′ = C2(V
′).
Proposition 2.16. Let V 1, ..., V n be Z-graded vertex algebras. Assume that
V j = C2(V
j) for some j ∈ {1, · · · , n}. Then V 1 ⊗ ... ⊗ V n satisfies the C2-
condition. In particular, V 1 ⊗ ...⊗ V n = C2(V
1 ⊗ ...⊗ V n).
Proof. The statements follow from the fact that
V 1 ⊗ ...⊗ V n = V 1 ⊗ . · · · ⊗ C2(V
j)⊗ · · · ⊗ V n
⊂ C2(V
1 ⊗ ...⊗ V n).
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3 The vertex algebras V +L and their irreducible
weak modules
In this section, we review the construction of the vertex algebra V +L and its
irreducible weak V +L -modules.
Let L be a rank d even lattice equipped with a non-degenerate symmetric
Z-bilinear form 〈·, ·〉. Set h = C⊗Z L and extend 〈·, ·〉 to a C-bilinear form on
h. Let ĥ = h⊗ C[t, t−1]⊕ Cc be the corresponding affine Lie algebra with the
following commutator relations:
[β ⊗ tm, γ ⊗ tn] = 〈β, γ〉mδm+n,0c and [c, ĥ] = 0
where β, γ ∈ h and m,n ∈ Z. We consider the induced hˆ-module
M(1) = U(ĥ)⊗U(h⊗C[t]⊕C) C.
Here, h ⊗ C[t] acts trivially on C, and c acts as a multiplication by 1. Then
there exists a linear map Y : M(1) → End (M(1))[[z, z−1]] such that M(1)
becomes a simple Z-graded vertex algebra with the vacuum vector 1 and the
Virasoro element ω = 1
2
∑d
i=1 βi(−1)
2 ⊗ 1 (see [FLM]). Here, {β1, . . . , βd} is
an orthonormal basis of h.
Next, we let Lˆ be a canonical central extension of L by the cyclic group of
order 2:
1→ 〈κ〉 → Lˆ→ L→ 0
with the commutator map c(α, β) = κ〈α,β〉 for α, β ∈ L. Let e : L → Lˆ be
a section such that e0 = 1 and let ǫ : L × L → 〈κ〉 be the corresponding
bimultiplicative 2-cocycle. Then ǫ(α, β)ǫ(β, α) = κ〈α,β〉, ǫ(α, β)ǫ(α + β, γ) =
ǫ(β, γ)ǫ(α, β + γ) and eαeβ = ǫ(α, β)eα+β for α, β, γ ∈ L.
Let L◦ = { λ ∈ h | 〈α, λ〉 ∈ Z for all α ∈ L } be a dual lattice of L. There
is a Lˆ-module structure on C[L◦] = ⊕λ∈L◦Ce
λ such that κ acts as −1. We set
L◦ = ∪i∈L◦/L(L + λi) be the coset decomposition such that λ0 = 0, and we
define C[L+ λi] = ⊕α∈LCe
α+λi . Clearly, C[L+ λi] is a L
◦-module. Moreover,
C[L + λi] is a Lˆ-module under the following action: eαe
β+λi = ǫ(α, β)eα+β+λi
for α, β ∈ L.
For simplicity, we will identify eα with eα for α ∈ L. Also, for a subset
M of L◦, we set C[M ] = ⊕λ∈MCe
λ. Let z be a formal variable and h ∈ h.
For λ ∈ L◦, we define actions of h and zh on C[L + λ] in the following ways:
h · eβ = 〈h, β〉eβ; and zh · eβ = z〈h,β〉eβ. Now, we set
VL+λ = M(1)⊗ C[L+ λ].
Clearly L, hˆ, zh (h ∈ h) will act naturally on VL+λ by acting either on M(1)
or C[L+λ]. For h ∈ h, β ∈ L, the vertex operators Y (h(−1)1, z) and Y (eβ, z)
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associated to h(−1)1 and eβ , respectively, are defined as follow:
Y (h(−1)1, z) = h(z) =
∑
n∈Z
h(n)z−n−1
Y (eβ , z) = exp
(
∞∑
n=1
β(−n)
n
zn
)
exp
(
−
∞∑
n=1
β(n)
n
z−n
)
eβzβ .
The vertex operator associated with a vector v = γ1(−n1)...γr(−nr)e
β for
γi ∈ h, ni ≥ 1 and β ∈ L is defined by
Y (v, z) =: ∂(n1−1)γ1(z)...∂
(nr−1)γr(z)Y (e
β, z) :,
where ∂(n) = 1
n!
(
d
dz
)n
and the normal ordering : · : is an operation which
reorders the operators so that γ(n) (γ ∈ h, n < 0) and eβ to be placed to the
left of γ(n) (γ ∈ h, n ≥ 0) and zβ .
Theorem 3.1. [B, D, FLM]
1. The space VL is a simple Z-graded vertex algebra with a Virasoro element
ω = 1
2
∑d
i=1 hi(−1)
2 ⊗ e0. Here {hi | 1 ≤ i ≤ d} is an orthonormal basis
of h. Moreover, M(1) is a Z-graded vertex sub-algebra of VL.
2. { VL+λi | i ∈ L
◦/L } is the set of all inequivalent irreducible VL-modules.
Next, we define a linear isomorphism θ : VL+λi → VL−λi by
θ(β1(−n1)β2(−n2)....βk(−nk)e
β+λi) = (−1)kβ1(−n1)....βk(−nk)e
−β−λi
if 2λi 6∈ L and
θ(β1(−n1)β2(−n2)....βk(−nk)e
β+λi)
= (−1)kc2λiǫ(β, 2λi)β1(−n1)....βk(−nk)e
−β−λi
if 2λi ∈ L. Here c2λi is a square root of ǫ(2λi, 2λi). Consequently, θ is a linear
automorphism of VL◦ . Moreover, θ is an automorphism of VL and M(1).
For any stable θ-subspace U of VL◦ , we denote a ±1 eigenspace of U for θ
by U±.
Proposition 3.2. [DM, DLM1]
1. M(1)+ and V +L are simple Z-graded vertex algebras.
2. (VL+λi + VL−λi)
± for i ∈ L◦/L are irreducible weak V +L -modules. More-
over, if 2λi 6∈ L then (VL+λi + VL−λi)
±, VL+λi and VL−λi are isomorphic.
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Let h[−1] = h⊗ t
1
2C[t, t−1]⊕ Cc be the twisted affine Lie algebra with the
commutator relation
[β ⊗ tm, γ ⊗ tn] = 〈β, γ〉mδm+n,0c and [c, h[−1]] = 0
where β, γ ∈ h and m,n ∈ Z+ 1
2
. Next we let M(1)(θ) = S(h⊗ t−
1
2C[t−1]) be
the unique irreducible h[−1]-module such that c acts as 1, and when n > 0,
β ⊗ tn acts on 1 as zero.
By abusing the notation, we use θ to denote an automorphism of Lˆ defined
by θ(eα) = e−α and θ(κ) = κ. We set K =
{
a−1θ(a) | a ∈ Lˆ
}
. Also, we let
χ be a central character of Lˆ/K such that χ(κ) = −1 and we let Tχ be the
irreducible Lˆ/K-module with central character χ. We define
V
Tχ
L = M(1)(θ)⊗ Tχ.
We define an action of θ on V
Tχ
L in the following way:
θ(β1(−n1)β2(−n2)....βk(−nk)t) = (−1)
kβ1(−n1)....βk(−nk)t.
Here, βi ∈ h, ni ∈
1
2
+Z≥0 and t ∈ Tχ. We denote by V
Tχ,±
L the ±1-eigenspace
of V
Tχ
L for θ.
Proposition 3.3. [DLi] Let χ be a central character of Lˆ/K such that χ(ι(κ)) =
−1 and let Tχ be the irreducible Lˆ/K-module with central character χ. Then
V
Tχ,±
L are irreducible weak V
+
L -modules.
4 The C2-cofiniteness condition of the vertex
algebra V +L and its weak modules
When L is a positive definite even lattice, it was shown by Abe, Buhl and
Dong, and the second author that the vertex algebras V +L and their irreducible
weak modules satisfy the C2 condition (cf. [ABD, Y1]). In this section, we
will extend their results to the case when L is a negative definite even lattice
and when L is a non-degenerate even lattice that is neither positive definite
nor negative definite.
4.1 Case I: L is a rank one negative definite even lattice.
For the rest of this subsection, we assume that L = Zα is a rank one negative
definite even lattice such that 〈α, α〉 = −2k. Here, k is a positive integer.
Let m ∈ Z>0. For convenience, we set
Em = emα + e−mα, Fm = emα − e−mα, and
V +L (m) =M(1)
+ ⊗Em ⊕M(1)− ⊗ Fm.
Clearly, V +L = M(1)
+ ⊕⊕∞m=1V
+
L (m).
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Proposition 4.1. [DG, DN, J]
1. As a vertex algebra, M(1)+ is generated by the Virasoro element ω and
any singular vector of weight greater than zero. In particular, M(1)+
is generated by ω and J where J = 1
4k2
α(−1)41 + 1
k
α(−3)α(−1)1 −
3
4k
α(−2)21.
2. The vertex algebra M(1)+ is spanned by
L(−m1) . . . L(−ms)J−n1 . . . J−nt1
where m1 ≥ · · · ≥ ms ≥ 2, n1 ≥ · · · ≥ nt ≥ 1.
3. V +L (m) is spanned by L(−n1)L(−n2)....L(−nr) ⊗ E
m where nr ≥ .... ≥
n2 ≥ n1 ≥ 1.
Next, for m > 0, we set
V +L (m) = ⊕n∈ZV
+
L (m,n)
where V +L (m,n) is the weight n subspace of V
+
L (m). Clearly, V
+
L (m,−km
2+6)
has the following basis elements:
Basis of V +L (m,−km
2 + 6)
g1 = α(−6)F
m, g2 = α(−5)α(−1)E
m, g3 = α(−4)α(−2)E
m,
g4 = α(−4)α(−1)
2Fm, g5 = α(−3)
2Em, g6 = α(−3)α(−2)α(−1)F
m,
g7 = α(−3)α(−1)
3Em, g8 = α(−2)
3Fm, g9 = α(−2)
2α(−1)2Em,
g10 = α(−2)α(−1)
4Fm, g11 = α(−1)
6Em.
Furthermore, the following elements form bases of V +L (m,−km
2 + 5) and
V +L (m,−km
2 + 3), respectively:
Basis of V +L (m,−km
2 + 5)
f1 = α(−5)F
m, f2 = α(−4)α(−1)E
m, f3 = α(−3)α(−2)E
m,
f4 = α(−3)α(−1)
2Fm, f5 = α(−2)
2α(−1)Fm, f6 = α(−2)α(−1)
3Em,
f7 = α(−1)
5Fm
Basis of V +L (m,−km
2 + 3)
h1 = α(−3)F
m, h2 = α(−2)α(−1)E
m, h3 = α(−1)
3Fm.
Lemma 4.2. The set { L(−1)fi, L(−3)hj , (α(−1)
41)−3E
m | 1 ≤ i ≤ 7, 1 ≤
j ≤ 3} is a basis of V +L (m,−km
2 + 6).
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Proof. The table 1 describes expressions of L(−1)fi (i = 1, . . . , 7), L(−3)hj (j =
1, 2, 3), and (α(−1)41)−3E
m in terms of gl (l = 1, . . . , 11). We will denote
this table by a 11 × 11 matrix A. Since detA = −6144m3k2 (m2k + 1), and
m, k are positive integers, we can conclude that A is invertible. Moreover,
L(−1)fi (i = 1, . . . , 7), L(−3)hj (j = 1, 2, 3), and (α(−1)
41)−3E
m form a
basis of V +L (m,−km
2 + 6).
g1 g2 g3 g4 g5 g6 g7 g8 g9g10g11
L(−1)f1 5 m 0 0 0 0 0 0 0 0 0
L(−1)f2 0 4 1 m 0 0 0 0 0 0 0
L(−1)f3 0 0 3 0 2 m 0 0 0 0 0
L(−1)f4 0 0 0 3 0 2 m 0 0 0 0
L(−1)f5 0 0 0 0 0 4 0 1 m 0 0
L(−1)f6 0 0 0 0 0 0 2 0 3 m 0
L(−1)f7 0 0 0 0 0 0 0 0 0 5 m
2kL(−3)h1 6k 0 0 0 2km -1 0 0 0 0 0
2kL(−3)h2 0 4k 2k 0 0 2km 0 0 -1 0 0
2kL(−3)h3 0 0 0 6k 0 0 2km 0 0 -1 0
(α(−1)41)
−3E
m −32k3m348k2m248k2m2−24km24k2m2−48km 4 −8km 6 0 0
Table 1.
Proposition 4.3. For m ∈ Z>0, we have V
+
L (m,−km
2 + 2n) is a subset of
C2(V
+
L ) when n ≥ 3.
Proof. By Proposition 2.11 and Lemma 4.2, we can conclude immediately that
V +L (m,−km
2 + 6) is contained in C2(V
+
L ).
Next, we will show that V +L (m,−km
2 + 2n) is a subset of C2(V
+
L ) for
n ≥ 4. Since (L(−2))3Em ∈ C2(V
+
L ), it implies that for j ≥ 4, (L(−2))
jEm =
(L(−2))j−3(L(−2))3Em ∈ C2(V
+
L ). By Proposition 4.1, we can conclude fur-
ther that V +L (m,−km
2 + 2n) is a subset of C2(V
+
L ) when n ≥ 4.
Theorem 4.4. For m ∈ Z>0, V
+
L (m) is a subset of C2(V
+
L ).
Proof. First, we set exp(
∑∞
n=1
xn
n
zn) =
∑∞
j=0 pj(x1, x2, ...)z
j . Since
E−2knα(−1)F
n = p4nk−1(α)α(−1)⊗ e
α(n+1) − p4nk−1(−α)α(−1)⊗ e
−α(n+1)
+2k
(
p4nk(α)⊗ e
α(n+1) + p4nk(−α)⊗ e
−α(n+1)
)
− 2kEn−1,
and for n ≥ 2, V +L (n + 1,−k(n + 1)
2 + 4nk) is contained in C2(V
+
L ) (cf.
Proposition 4.3), it follows that En−1 ∈ C2(V
+
L ) for n ≥ 2. By Proposition 4.1
we can conclude further that V +L (m) is a subset of C2(V
+
L ) for all m ∈ Z>0.
Theorem 4.5. V +L satisfies the C2-cofiniteness condition. In particular,
V +L /C2(V
+
L ) = {0 + C2(V
+
L )}.
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Proof. We will show that V +L = C2(V
+
L ). It is enough to show that M(1)
+ is
contained in C2(V
+
L ). Since E−2k−1E = p4k(α)⊗ e
2α+ p4k(−α)⊗ e
−2α+2 and
V +L (2) is a subset of C2(V
+
L ), these imply that 1 ∈ C2(V
+
L ). By Proposition
4.1, we can conclude that M(1)+ is a subset of C2(V
+
L ). Consequently, V
+
L =
C2(V
+
L ).
Corollary 4.6. Every irreducible weak V +L -module satisfies the C2-condition.
Proof. This follows immediately from Proposition 2.13 and Theorem 4.5.
4.2 Case II: L is a negative definite even lattice
For the rest of this subsection, we assume that L is a rank d negative definite
even lattice.
Theorem 4.7. The vertex algebra V +L is C2-cofinite.
Proof. We will show that V +L = C2(V
+
L ). We will follow the proof in [ABD]
very closely. Let K be a direct sum of d orthogonal rank one negative definite
even lattice L1, . . . , Ld. We write L = ∪i∈L/K(K + λi) as a direct sum of its
coset decompositon with respect to K. Then VL = ⊕i∈L/KVK+λi.
Since
VK = VL1 ⊗ · · · ⊗ VLd =
∑
ǫi=±
V ǫ1L1 ⊗ · · · ⊗ V
ǫd
Ld
,
it follows that V +K =
∑
ǫi=±,
Q
i |ǫi|=1
V ǫ1L1 ⊗ · · · ⊗ V
ǫd
Ld
. Here | ± | = ±1. By using
the fact that V +Lj = C2(V
+
Lj
) for all 1 ≤ j ≤ d, we then have
V +L1 ⊗ · · · ⊗ V
+
Ld
= C2
(
V +L1 ⊗ · · · ⊗ V
+
Ld
)
.
Since V ǫ1L1 ⊗ · · · ⊗ V
ǫd
Ld
is an irreducible weak V +L1 ⊗ · · · ⊗ V
+
Ld
-module, it follows
from Proposition 2.15 that V +K = C2(V
+
K ). Since V
+
L is completely reducible
as a weak V +K -module, we can conclude that V
+
L = C2(V
+
L ) (cf. Proposition
2.15).
Corollary 4.8. Every irreducible weak V +L -module satisfies the C2-condition.
4.3 Case III: L is a rank d non-degenerate even lattice
that is neither positive definite nor negative definite
Theorem 4.9. Assume that L is a non-degenerate even lattice of a finite rank
that is neither positive definite nor negative definite. Then the vertex algebra
V +L and its irreducible weak modules satisfy the C2-condition. In particular,
we have V +L = C2(V
+
L ) and M = C˜2(M) for all irreducible weak V
+
L -module.
Proof. The proof is very similar to the proof of Theorem 4.7. In fact, we can
obtain the above results by using the fact that L has a rank one negative
definite even sublattice, and follow the proof in Theorem 4.7 step by step.
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